In this paper, we investigate a class of second-order p(t)-Laplacian systems with local 'superquadratic' potential. By using the generalized mountain pass theorem, we obtain an existence result for nonconstant periodic solutions.
Introduction
This paper is concerned with the existence of periodic solutions for the following p(t)-Laplacian system:
⎧ ⎨ ⎩ (|u (t)| p(t)- u (t)) + ∇F(t, u(t)) = , t ∈ [, T], u() -u(T) = u () -u (T) = ,
where T > , u ∈ R N . F(t, u) and p(t) satisfy the following conditions:
(F  ) F : [, T] × R N → R is measurable and T-periodic in t for each u ∈ R N and continuously differentiable in u for a.e. t ∈ [, T], and there exist a ∈ C(R + , R + ) and
F(t, u) ≤ a |u| b(t), ∇ F(t, u) ≤ a |u| b(t)
for all u ∈ R N and a.e. t ∈ [, T].
(P) p(t) ∈ C([, T], R + ), p(t) = p(t + T) and
 < p -:= min p(t) ≤ p + := max p(t) < +∞.
The p(t)-Laplacian system can be applied to describe the physical phenomena with 'pointwise different properties' which first arose from the nonlinear elasticity theory (see [] ).
If p(t) = p is a constant, system () reduces to the p-Laplacian system

⎧ ⎨ ⎩ (|u (t)| p- u (t)) + ∇F(t, u(t)) = , t ∈ [, T], u() -u(T) = u () -u (T) = . ()
Especially, when p = , system () or () becomes the well-known second-order Hamiltonian system
⎧ ⎨ ⎩ u (t) + ∇F(t, u(t)) = , t ∈ [, T], u() -u(T) = u () -u (T) = . ()
In , Rabinowitz [] published his pioneer paper on the existence of periodic solutions for problem () under the following Ambrosetti-Rabinowitz superquadratic condition:
From then on, many researchers have tried to replace the Ambrosetti-Rabinowitz (shortened AR) condition by other superquadratic conditions. Some new superquadratic conditions under which there exist periodic solutions for problem () have been discovered in literature, see, for example, the references [-]. In [], the authors obtained the following existence theorem for () under the 'local superquadratic conditions' .
Theorem A ([], Theorem .) Suppose that F(t, u) satisfies (F  ) and the following conditions:
Then problem () has at least one nonconstant T-periodic solution.
Recently, in [] , the authors extended the above result of [] to system () and got the following theorem for (). 
Then problem () has at least one periodic solution.
Moreover, in [-], the authors studied a superlinear elliptic equation with p(x)-Laplacian without the AR condition and obtained some existence results.
Motivated by the papers [, , , , ], we aim in this paper to study the existence of nonconstant periodic solutions of system () with local 'superquadratic' potential and without the AR condition. We get an existence result which generalizes the above Theorem A and Theorem B and extends Theorem C. That is the following theorem.
Theorem  Suppose that conditions (P) and (F  ) hold and, in addition, F(t, u) satisfies the following conditions:
Then problem () has at least one nonconstant T-periodic solution.
It is clear that (F  ) and (F  ) hold. Let μ = , G = , then (F  ) holds. And take = [
], then (F  ) holds for t ∈ . Therefore, F satisfies all the conditions of our Theorem . Moreover, it is easy to verify that the function F(t, u) does not satisfy the
Preliminaries
For the reader's convenience, we first give some necessary background knowledge and propositions concerning the generalized Lebesgue-Sobolev spaces. We can refer the reader to [, -]. In the following, we use | · | to denote the Euclidean norm in R N .
Let p(t) satisfy condition (P) and define
with the norm
then v is called the T-weak derivative of u and is denoted by u . Define
In the following we use 
Proposition  ([])
There is a continuous embedding W
it is a compact embedding.
, there is a constant C independent of u such that
To prove the main theorem of the paper, we need the following generalized mountain pass theorem. 
Lemma  ([]) Let E be a real Banach space with E = V ⊕ X, where V =  is finite dimensional. Suppose ϕ ∈ C  (E, R) satisfies the (PS) condition, and
Proof of Theorem 1
. It follows from assumption (F  ) that the functional ϕ is continuously differentiable on W ,p(t) T . Moreover, we have
And it is well known (see [] ) that the problem of finding a T-periodic solution of system () is equal to that of finding the critical of functional ϕ.
We shall apply Lemma  to ϕ to prove Theorem . For the convenience to verify the (PS) condition, we need the following lemma. The proof can be found in [] or [] .
. And J is a mapping of type (S + ), i.e., if u n u and
In the following lemma we will show that ϕ satisfies the (PS) condition.
Lemma  The functional ϕ satisfies the (PS) condition, i.e., for every sequence {u
Proof First we prove that {u n } is a bounded sequence in W
. Otherwise, {u n } would be unbounded. Passing to a subsequence, we may assume that u n → ∞. Let w n = u n u n , so that w n = . By Proposition , also passing to a subsequence, we can suppose that
as n → ∞. Moreover, we havē
as n → ∞. By () there exists a constant C  >  such that
Notice that u n → ∞, we have
So, we obtain
In view of (F  ) and (F  ), there exists  ⊂ [, T] with meas(  ) =  such that
If {u n (t  )} is bounded, then there exists a positive constant C  such that |u n (t  )| ≤ C  for all n ∈ N. By () we find
as n → ∞, which contradicts (). So, there is a subsequence of u n (t  ), still denoted by
This contradicts (). Thus, () holds. From () and () we obtain lim sup
Since μ > p + , we get
Combining with (), this yields w n →w as n → ∞, which means that w =w and T|w| = w = .
Then we have u n (t) → ∞ as n → ∞ uniformly for a.e. t ∈ [, T]. And we get from (F  ), (F  ) and Fatou's lemma that
On the other hand, we have
Therefore, combining () and (), we obtain that
which contradicts (). Hence, {u n } is a bounded sequence in W ,p(t) T . By Proposition  and Proposition , {u n } has a subsequence, again denoted by {u n }, such that
Now, we will show that {u n } has a subsequence convergent strongly to u in W
It follows from Proposition  that max ≤t≤T |u n (t)| ≤ C  u n , which implies
()
From (), () and (F  ), we get
Thus, from (), we obtain
By () and (), we have
Then it follows from () and () that
Hence, from Lemma , {u n } has a subsequence convergent strongly to u in W ,p(t) T . The proof of the lemma is completed.
The following result establishes the generalized mountain pass geometry for the functional ϕ(u). 
The proof of Lemma  is completed.
Proof of Theorem  By Lemma  and Lemma , applying Lemma , then ϕ possesses a critical point u(t) whose critical value c satisfies c ≥ α > . By F  , we can see that u(t) is nonconstant. Hence, problem () has at least one nonconstant T-periodic solution in W ,p(t) T .
Conclusions
In this work, we have established an existence result for nonconstant periodic solutions of a class of second-order systems with p(t)-Laplacian. 
